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ABSTRACT 

A simple two-dimensional linear model was used to  explore the nature of the heat island circulation of an urban 
area. Two stability categories, stable and near-neutral, were assumed to  define the boundary layer conditions. The 
heat island circulation was studied under the condition of no-mean wind and also for cases when a mean wind existed. 
The forcing function (differential heating) was given as a smoothly varying function in the horizontal that  would 
create a smoothly varying temperature field with no discontinuities in the temperature distribution. A rather weak 
two-cell circulation system was developed in which depth and intensity were dependent on the boundary layer sta- 
bility. Allowing a mean wind to  exist produced a displacement of the two-cell circulation downstream to  a location 
that  is a function of thc heating rate and the advection of heat and momentum by the mean wind. 

1. INTRODUCTION 

An urban complex acts as a heat reservoir producing 
a positive perturbation on the thermal field. This per- 
turbytion is called “the urban heat island” (Lowry 1967, 
Mitchell 1961 , Clarke 1969). The horizontal temper- 
ature pattern associated with the heat island is a function 
of the urban terrain. For instance, the temperature 
differences between structure areas and parks are signifi- 
cant and are due to the differences in the radiative and 
thermal properties of concrete structures and foliated 
regions. On the average, the urban heat island temperature 
pattern shows that the maximum temperature is found 
in the structure regions of the city; the temperature 
decreases rather uniformly away from this region to a 
minimum temperature in the surrounding suburban or 
agricultural regions. However, if a body of water charac- 
terizes part of the peripheral regions, a near discontinuity 
in the temperature gradient will exist which usually is 
found right a t  the boundary between the city and the 
body of water (Findlay and Hirt 1969). For cities isolated 
from bodies of water, the thermal pattern associated with 
the urban heat island departs from that of the classical 
heat island in that no discontinuities are evident in the 
temperature gradients. 

The urban heat island exhibits a marked diurnal 
oscillation (Mitchell 1961). The largest contrast between 
the structure regions of the city and the suburban area 
is at night, and little or no contrast exists during daylight 
hours. At night, there is a significant difference between 
the vertical temperature distributions in the suburban 
and urban regions. Examples given by Clarke (1969) 
indicate that the boundarp layer is less stable in the city. 

The urban heat island, though not as abrupt a perturba- 
tion as the classical heat island, should produce a solenoidal 
circulation similar to the sea breeze circulation. The basic 
principle under which the urban heat island circulation 
is produced is the same as the sea breeze circulation; 
only the character of the forcing function is different. 
The differential heating between the city and the suburban 

areas would set up a mass and thermal contrast. The 
available potential energy is converted in to kinetic 
energy through warm air rising and cold Fir sinking. A 
heat Low and horizontal convergence would characterize 
the heated zone; and horizontal divergence would be 
found in the cooling zone (Stern and Malkus 1963; Smith 
1955, 1957). The differential heating also produces a 
gravity wave train which is propagated upstream and 
downstream and produces oscillations on the basic 
solenoid circulation (Geisler and Bretherton 1969). 

There has been only scattered evidence that such a 
circulation exists. Findlay and Hirt (1969) investigated 
the mesoscale flow pattern in Toronto, Canada. The flow 
was associated with the urban heat island, but the prox- 
imity of Lake Ontario and the large temperature gradient 
a t  the boundary of the lake and city would indicate that 
the lake breeze also played an importmt role in the meso- 
scale meteorology of this city. Separation of the com- 
ponents of the circulation due to the lake breeze and the 
heat island was not possible. The total effect was to pro- 
duce an inflow to the city with speeds as large as 1.71 
mjs . 

Models of the classical heat island circulation indicate 
a rather strong wind system should be present (Tanouye 
1966, Estoyue and Bhumralkar 1969), Hou-ever, these 
models have near-infinite temperature gradients be tmeen 
the heated and unheated regions. Under these circum- 
stances, strong winds are to be expected. I n  this paper, 
a simple linear model is used to compute the wind system 
associated with a heating distribution more characteristic 
of the urban heat island. The heating distribution used 
would produce a smoothly varying temperature field 
with a maximum temperature in the center of the city, 
which is assumed to be the built up  region, and a minimum 
temperature in the peripheral regions. The maximum 
temperature gradient woulcl be found at the boundary 
between the city and surburban regions, and the temper- 
ature gradient is continuous. A linear friction term is 
introduced in the model, and the coefficient of friction 
is assumed independent of space and time. The model 
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describes the flow for two stability categories: (1) a stable and mass was assumed to be composed of two parts: (1) 
boundary layer and (2) a relatively unstable boundary an average heating rate, q, independent of t and x and 
layer. Each of these stability categories are described for (2) a superimposed heating perturbation. The perturba- 
a no-mean-wind case and for the case when a mean wind tion heating function was independent of time. Both the 
existed. The mean wind was assumed independent of average heating and the perturbation heating were 
space and time. allowed to persist in the boundary layer from the ground 

to a level z=h. Above z=h, heating was everywhere 
zero. The heating function is ODEL 1 (NO-MEAN WIND) 

The heating, and therefore motion, was constrained to &= (O+ &' cos ks)H(h-z) 
vary along the x- and the z-coordinates. This defines an 
infinitely long heat mound along the y-coordinate. Because where & is the heating rate, &' is the amplitude of the 
the time and space scales associated with the urban heat perturbation heating rate, H(h-z) is the Heaviside unit 
island circulation are small, the Coriolis force can be function (Pipes 1958), and k is the spatial wave number 
neglected. Under the above constraints, the linearized for the heat perturbation. Since g<O and /g[>IQ'l, the 
perturbation equations of motion for the case of no-mean above function would describe a cooling distribution 
mind are simply 

and 

9 

where u' is the perturbation x-wind component, t is time, 
p' is the perturbation pressure, is the average density 
independent of t and x, w' is the perturbation vertical 
velocity, g is gravity, K is the coefficient of friction, and 
p' is the perturbation density. Gross differentiation and 
subtraction of the equations of motion lead to the per- 
turbation vorticity equation 

where p is -p'g/p=B'gl& 8' is the perturbation potential 
temperature, and s is the average potential temperature 
independent of t and x. Assuming nondivergence, a strea.m 
function, +, can be found such that u'=a$/az and wJ 
= -d+,ldx; and eq (2) becomes 

that would produce the tendencies observed in the 
diurnal temperature data. 

The first law of thermodynamics may be written in 
linearized form and, under the constraints given above, 

(l)  in the following manner: 

3-d a+ -=(A cos kz)H(h-z) 
at ax ( 5 )  

where u2 is (g/e>(%/az) and X is Q'g/B. Eliminating p 
from eq (4) and ( 5 )  yields 

($+K $1 ~ f ~ ' ~ = X k H ( h - z )  a2+ sin kx. (6) 

Equation ( 6 )  is the governing equation that describes 
the motion. The solution of this equation was found by 
separation of variables and subject to the boundary 
conditions 

+=o, z=o, t 2 0 ,  

$=O, z=D, t l 0 ,  
and (7) 

#=--O, @- 220, t = O  
at 

(&+K) (@+&T)+&=o. /a'+ a 2 +  ap (3) where D corresponds to the top of the layer influenced by 
the urban heat island and acts as a rigid lid. Letting 

The model is such that horizontal variations of the vertical m 

~ H ( h - ~ ) = u ' ( z )  A p f p ( z )  (8) 
p = o  motions are much smaller than vertical variations of the 

horizontal motions (i.e., a2+/azz> >az+/ax2). This is and 
essentially the same as assuming hydrostatic equilibrium. 
Therefore, + " 2 f P ( 5 ,  p = o  t ) f P ( Z )  (9) 

(4) where A,, the amplitude term in the series, is 

The diurnal temperature curves in urban areas and their A,=Sbi t r ( l )dz  [LD u 2 ( z ) f 3 z ) ~ z ] - ' ~  (10) 
peripheral zones .indicate that the temperature contrast 
between these areas begins to increase at around mid- 
afternoon (Mitchell 1961, Clarke 1969, Peterson 1969). 
At this time, the data show that the temperature is 
decreasing in both regions, or there is general cooling 
occurring. However, the surrounding areas are cool- 
ing at a more rapid rate. To describe this form of the 

is the index used in the sulnmations (p=l, 2, 3, . . J ,  
5, andf, are functions of z and of x and t ,  respectively, 
and are to be determined. 

Substituting eq (8) and (9) into eq (6) yields 

- a z t p + " z t  =o (11) heating function, the heat energy added per unit time a22 e; 
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and 

where c ,  is the separation constant and is the wave speed. 
Solution of eq (12) takes the form 

- . f ,=g(t)  sin kx+r ( t )  cos kx  
provided 

$ + K $+ k2c,Zg= -A,kc,2 

and 

The boundary conditions [eq (7)] yield r(t)  = 0 and 

Xexp (-: t )  sin [ d c j k ’ - ( q  t+&]} 

where 
partial solution 

is arctan [&;k2- (K/2)2/(K/2)].  This gives the 

C,k  

Xexp ( - $ t ) s i n [ J c f k 2 - ( $ y  t++]}sinkz. (17) 

This solution corresponds to a forced response associated 
with the heating distribution and a damped transient 
response associated with gravity waves produced by 
heating. 

The solution of eq (11) is dependent on w which varies 
in the vertical as varies. For this study, the atmosphere 
was assumed to be characterized by essentially two 
stability layers; that is, 

w =  w1 0 I z I h-the boundary layer 
and 

where (alni$dz) is a constant in each layer. Under these 
conditions, the solution that satisfies the boundary 
conditions [eq (7)j and the continuity conditions 

w=w2 h l z < D  

is 

and 

provided 

(31 cot (*)tu* CP cot [“ C P  (D-h)]=O. (19) 

Solution of eq (19) yields the eigenvalues c,. Equation 
(18) together with eq (10) gives the amplitude term, A,; 
that  is, 

A p - 2 c J  --2 [ l-cos (31 
w1wz 

Therefore, the complete solution to eq 

\ I  [sin rz j O I z $ h l  

where the summation is over the eigenvalues determined 
through the solution of eq (19), and the summation is over 
a finite interval because it converges rapidly as e, becomes 
small. 

The solutions of eq (19) and (21) were found for two 
stability categories in the lowest layer ( O l z S h ) .  I n  the 
upper layer, the standard atmospheric lapse rate was used 
to compute w2 for both cases. The lower layer was char- 
acterized by an isothermal layer in one case (dT/az=O) 
and a near-neutral stratification in the other (dT/dz= 
-S.OOC/km). The top of the atmosphere was assumed to 
be the 10-km level &e., D=10 km), and the top of the 
layer in which the urban heat island is found was 1 km (i.e., 
h=1.0 km). The heating amplitude, A, was determined 
from data on the temperature distribution associated 
with heat islands of various cities and from the diurnal 
variation of temperature in cities and in adjacent surround- 
ings. The value used was such that a 6°C temperature 
difference would exist between the center of the city 
(center of maximum relative heating) and a point 20 km 
away (center of relative maximum cooling) in 3 hr. This 
is a relatively strong urban heat island. The maximum 
temperature gradient would be found a t  the boundary 
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between the city and surroundings which is approximately 
10 km from the center of the city. The coefficient of 
friction mas assumed to be 10-4s-1 for both cases even 
though the difference in stabilities should produce a 
larger coefficient for the near-neutral case. The variations 
produced by  having different coefficients of friction were 
not of any consequence in the model, and can be inferred 
easily from the given results. 

The solution of eq (21) under the above specifications 
yielded numerous qualitative similarities between the case 
of a near-neutral and a stable boundary layer. A two-cell 
circulation system characterized both cases. Low-level 
horizontal convergence, upward vertical motions, and upper 
level horizontal divergence describe the motion field over 
the city. Low-level horizontal divergence, downward vertical 
motion, and upper level horizontal convergence, describe 
the motion field in the surrounding areas. 

As the similarities are obvious, so are the dissimilarities. 
Figures 1 and 2 yield the horizontal wind speed profile a t  
s=10 km which is the point of maximum temperature 
gradient and maximum horizontal wind speed for the 
stable and near-neutral cases, respectively. The figures 
shorn the wind speed in the 0.5- and 1.5-hr time frames. 
For positive 2 directions, positive wind speeds indicate 
flow away from the city and negative wind speeds, flow 
to the city. The horizontal wind speeds are greater for the 
stable case. Maximum low-level wind for the stable case is 
approximately 0.8 m/s as opposed to 0.32 m/s for the 
near-neutral case. The vertical extent of the circulation is 
larger for the near-neutral case (approx. 4.0 km) than for 
the stable case (approx. 1.5 km). 

Vertical convection should be greater for the near- 
neutral case than for the stable case. The vertical com- 
pression associated with the stable case requires larger 
horizontal velocities to maintain the nondivergent state 
assumed. On the other hand, the vertical velocities ~voulcl 
be larger for the near-neutral case. Figures 3 and 4 show 
the profile of the vertical velocities for the two cases located 
in the center of the city (x= 0) where the maximum vertical 
veIocit3- was found. The maximuni vertical wind speed for 
the stable case was approximatelj- 5.0 cm/s rtiicl for the 
near-neutral case, 5.7 cmls. The differences in the \-ertical 
cxtent of the vertical velocities reflect the differences in 
the depths of the circulation. 

The variation in time depicted in figures 1 through 4 
reflects the effect of the transient response associated with 
propagating gravitj- waves. Friction damped this effect so 
that after 3 hr, the solution reached n steady state which 
was verj- near the 0.5-hr solution. 

These calculations suggest that horizontal wind speeds 
associated with the urban heat island circulation are 
small, and that the circulation would be strongest at 
night when the boundary layer is stable. Statistical 
evidence indicates that the urban heat island is strongest 
a t  night. Therefore, the circulation has the highest prob- 
ability of detection a t  that time. On the other hand, the 
vertical wind speeds are significant for both cases. There 
is a goocl possibility that the circulation coulcl enhance 
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FIGURE 1.-Vertical profile of horizontal wind speed 
case (aT/&=O) at z=10 km. 

for the  stable 
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Horizontal Wind Speed (m/s) 

FIGURE Z.-Vertical profile of horizontal wind speed for thc near- 
neutral case (aT/&= --8"C/km) at z= 10 km. 

cumulus production provided the required moisture is 
present. I t  could also act as a ventilation factor removing 
air pollutants by 1-ertical convection. Though this cal- 
culation yields a closed circulation system which there- 
fore could not ventilate a t  all, the reality of this result is 
questionable because the assumption of no-mean wind in 
the upper levels is highly improbable. Nonlinear inter- 
action between the mean state and the perturbation state 
woulcl allow removal of the pollutants. However, a mean 
wind produces another interesting effect which is de- 
scribed in the next section. 

3. MODEL o n  (MEAN WIND ADDED) 

In deriving the equations govening the motion for this 
case, all conditions specified in section 2 hold except that 
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and the thermodynamic equation is 

Vertical Wind Speed (cm/s) 

FIGURE 3.-Vertical profile of vertical wind speed for the stable case 
(aT/az=O) at  x=O. 

x = o  4oool q 
- 30001 
E - 0.5 hr 

W '  

I l l  

2 4 6  
Vertical Wind Speed (cm/s) 

FIGURE $.-Vertical profile of vertical wind speed for the near- 
neutral case (aT/az= - S0C/km) a t  x= 0. 

friction was neglected and the mean wind, 0, was assumed 
to be independent of z, z, and t .  The equations of motion 
are 

and (22)  

Following the procedure described in section 2 ,  the 
vorticity equation derived for this case is 

-+u-) a - a a 2 f i  ,+;j-=o; as 
(at ax a2 

(g+D&) p-w2 &=(X a3/ cos k z )  H(h-2). (24) 

Eliminating p from eq (23) and (24) yields 

(%+U a - a,) a 2 az$ @=XkH(h-z) az# sin kx.  (25) 

The technique used to solve eq (25)  is identical to that 
used to solve eq (6). Substituting eq (8) and ( 9 )  into eq 
(25) yields 

and 
(,+U a - a 2  &) jp-cZ, ? f P  == -Apkc; sin k x  (26) 

a2tp w2 
-+y E,=O. 
a22 c, (27) 

the solution to eq (27) is identical to that in section 2 ,  
and the solution to eq (26) was found in the following 
manner. The solution is identical to eq (13) provided 

%!-2Dk at2 ?!-k2($-c;)g=--Apc$ at (28) 
and 

(29)  E f 2 U k  ag --k2(D2-cZ,)r=0. 
at2 at 

Simultaneous solution of these equations yields : 

1 a 2  [ & + 2P(  8+ 6) at2 + k4(D2- 6) g= A &k3( p2-  cZ,) 

and 
a2 [&+2k2(77'+c;) s + k 4 ( 8 - c 2 ,  

The boundary conditions [eq (7)] and eq (28) and (29)  
provided two additional boundary conditions which are 
required to solve eq (30) and (31): 

Solutions of eq (30) and (31) are, respectively, 

s(t)=+ (e) { cp+(+)  COS [k(D+cP)t] 

D + C  -(T') cos [k(D-c,) t]}  (33) 
and 

i 7 - C  -(+) sin [k(D+c,)t]} . (34) 
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FIGURE 5.-Vertical and horizontal disbribution of horizontal wind 
speed for the stable case (dT/dz=O, a=lO m/s) after 15 min. 
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FIGURE 6.-Vertical and horizontal distribution of vertical wind 
speed for the stable case (dT/&= 0, g= 10 m/s) after 15 min. 

The part of the solution acquired for eq (15) in section 
2 was r(t)=O which fixed the spatial phase angle of the 
streamline pattern for all time. However, in this problem, 
r ( t )  # O  so that the streamline pattern will be displaced in 
space, and the displacement is time dependent. This is 
brought about bj- advection of heat and momentum by 
the mean wind. 

Equations (9), (13), (18), (19), (20), (33), and (34) were 
combined to obtain the velocity fields for this case. Param- 
eters described in section 2 were used to solve the equa- 
tions. The mean wind speed was assumed to be 10 mjs 
and was positive (i.e., air motions are toward the increas- 
ing s-direction) . 

Figure 5 yields the distribution of the horizontal wind 
after 15 min for the stable case. The two-cell circulation 
system is cvident in the horizontal velocity field on the 
entire system and is displaced 6 km in the positive 5- 
direction from the heat source (s=O); that is, the zone of 
low-level convergence is found a t  approximately s=6 km. 

t= l .Ohr 

FIGURE 7.-Vertical and horizontal distribution of horizontal wind 
speed for the stable case (aZ‘/az=O, o= 10 m/s) after 1 hr. 

t.1.0 hr 

-4 0 4 8 12 16 20 24 28 32 36 
x(km) 

FIGURE 8.-Vertical and horizontal distribution of vertical wind 
speed for the  stable case (dT/&=O, E=lO m/s) after 1 hr. 

The vertical extent of the circulation has increased by 
about 250 m from the no-mean-wind case (see. 2). The 
horizontal velocities are small because it is early in the in- 
tegration period. Figure 6 shows the vertical velocity 
distribution corresponding to figure 5 .  The region of 
maximum upward motion which was found a t  x = O  in 
the no-mean-wind case has moved to x=6 km in corre- 
spondence to the effect of the mean wind. The peripheral 
regions of the city show regions of downward vertical 
motions. 

Figure 7 shows the horizontal velocity distribution 
after 1 hr for the stable case. The circulation system has 
reached the intensity observed in the no-mean-wind case, 
but it is displaced approximately 12 km from the heat 
source in the positive s-direction. The circulation did not 
move beyond this position for the nest 1 to 2 hr, though 
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FIGURE 9.-Vertical and horizontal distribution of horizontal wind 
speed for the near-neutral case (aT/az= -8'C/km) and for 
8= 10 m/s after 1 hr. 

t =I.O hr 

FIGURE lO.-Vertical and horizontal distribution of vertical wind 
speed for the near-neutral case (aT/&= -B0C/km) and for 
O=lO m/s after 1 hr. 

the intensity varied, reflecting the effect of the transient 
gravity wave response. The speed of the circulation 
system is influenced by the mean wind speed, the gravity 
wave speed, and the heating distribution. The quasi- 
equilibrium state for the system is brought about by a 
momentary balance between the acceleration produced 
by the heating distribution tending to bring the system 
back to the heat source and the mean wind and gravity 
wave effects which transport heat and momentum down- 
stream [Vukovich and Chow (1968)l. Afterwards it con- 
tinued its displacement downstream. 

The vertical velocity field (fig. 8) shows approximately 
the same intensity obtained for the no-mean-wind case 
and also demonstrates the displacement of the circulation 
system. I t  is interesting to  note that the center of the heat 
source, which is considered the center of the city, is 

x (krn) 

-0.25 0 .25  

FIGURE 11.-Vertical and horizontal distribution of horizontal wind 
speed for the near-neutral case (aT/az= --B°C/km) and for 
0 = 3  m/s after 1 hr. 

I [ 
-4 

t = 1.0 hr 

E -e u 

16 20 i 

FIGURE 12.-Vertical and horizontal distribution of vertical wind 
speed - for the near-neutral case (aT/az= --8'C/km) and for 
U =  3 m/s after 1 hr. 

characterized by downward vertical motions. This result 
also was obtained by Estoque and Bhumralkar (1969). 
Whereas the heat island circulation might act as an urban 
ventilator under the no-mean-wind case, when there is 
a mean mind that displaces the circulation downstream 
the downward vertical motions that characterize the 
larger part of the city mould prevent any large magnitude 
exchange in the vertical. 

Figures 9 and 10 yield the horizontal and vertical 
velocity distribution for the near-neutral case after 1 hr. 
The systems remain stationary. The intensity and the 
vertical extent of the horizontal circulation is about equal 
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to that found for the no-mean-\rind case, but the system 
is displaced downstream 11 km. The vertical velocity 
field, on the other hand, is more intense and also exhibits 
the 11-km displacement. As in the stable case, the center 
of the city is characterized by dowiiward vertical motions. 

The effect of using a different mean wind speed can be 
determined by comparing figures 9 and 10 with figures 
11 and 12. Figures 11 ancl 12 yield the horizontal and 
vertical velocity distributions, respectively, for the near- 
neutral case after 1 hr and for a mean wind of 3 mjs. 
The main difference between the two cases is a matter of 
system displacement. The system was displaced only about 
3 km when U=3 m/s. 

- 

4. SUMMARY AND CONCLUSIIONS 

Diff ereii tial heating between the urban complex and the 
peripheral enviroiis produces the urban heat island. The 
same differential heating produces the heat island cir- 
culation, and the intensity of the circulation is dependent 
on the amplitude ancl scale of the heat differential. Diurnal 
variations in the temperature diff erence between the city 
and suburbs indicate that the heat island is most intense 
a t  night and least intense during the day. There are 
situations when during the clay the surrounding enviroii- 
ment is warmer than the city. These data shorn that in the 
midaf ternoon, the contrast between the city and suburbs 
begins to increase. At the same time, both regions are 
cooling. Though the mean effect is cooling, the cooling 
rate is larger in the suburbs than in the city. The result 
is to establish a temperature gradient from city to suburb. 

The differential heating distribution produces a weak 
two-cell circulation system with lorn-level horizontal 
convergence, upward vertical motions, and upper level 
horizontal divergence over the city, and low-level hori- 
zontal divergence, downward vertical motions, and upper 
level horizontal divergence over the suburbs when there 
is no mean wind. When a mean wind exists, the circulation 
system is displaced downstream a distance that appears 
to be proportional to the mean mind speed and the heating 
rate. The speed of the system is governed by the mean 
wind speed, gravity wave speed, and the heating distribu- 
tion. At a certain point, the acceleration produced by the 
heating distribution, tending to bring the circulation back 
to the heat source, is balanced by convective transport 
of heat and momentum by the mean wind so that the 
system becomes stationary. This state persists for about 
1 to 2 hr. 

Normally, the boundary layer is near neutral or unstable 
in the early afternoon, so that the circulation would have a 
large vertical extent in its incipient stage. The horizontal 
motions would be small, but the vertical velocities can be 
reasonably large. As night approaches, the boundary 
layer becomes more stable, and the vertical dimensions 
of the system decrease. The horizontal speeds increase, 
and the vertical speeds decrease. The most intense 

horizon tal speeds of the urban heat island circulation 
would be experienced in the stable nighttime state, but 
the most intense vertical motions would be found in 
the early afternoon when the boundary layer is less stable. 

These results lead to some interesting possibilities. During 
the early and inidafternooil hours, when the vertical 
speeds are most intense and exist through a relatively 
deep layer, the urban heat island circulation could help 
enhance cloud development. The circulation systems also 
may help ventilate the city. However, if a large mean 
wind exists, the zone of upward vertical motions would be 
displaced downstream, and downward vertical motions 
could characterize the urban regions, suppressing vertical 
transports of pollutants. Under this condition, any 
cumulus development would be enhanced by the cir- 
culation downstream of the urban complex. 
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